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IDENTITIES
A 0
; TRIGONOMETRIC sin(0) = —
: \ FUNCTIONS H
0 =2
cos(6) =
0
tan(0) = 1
w6) = 2
co = 0
0 =1
secC = )
0 =1
csc(8) = —
< sect > 0
RECIPROCAL
IDENTITIES
in(8) = 2 0 =1 ©) =
sin(6) = cse(6) = 5 csc(8) = 0]
9 =2 0 =2 ©) =
cos(6) = sec(6) =~ sec(9) = 05(0)
tan(6) = 2 o(6) = 2 0(6) =
an(6) = — co =5 co = an(@)
RATIO
IDENTITIES
in(6) = © =7
sin(9) = T csc(f) = 5
0 =2 0 =1
COoS = H SecC = 2
tan(@) = 0 t(0 _4
an(0) = 1 cot(9) = 0
in(@ 0
tan(0) = sin(6) cot(@) = C(_)S( )
cos!@! smgeg
sec(6) csc(0)
tan(@) = t(9) =
an(9) csc(0) cot(6) sec(6)
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IDENTITIES
PYTHAGOREAN
IDENTITIES
A
cos(0) = T
5 sin?(0) + sin?(8) = 1
sin(9) = T
sin?(6) N cos?() 1
cos2(0)  cos?(0)  cos?(6)

tan?(0) + 1 = sec?(0)

sin?(f) cos?*(6) 1
sin?(6) * sin?(0)  sin%(6)

1+ cot?(0) = csc?(0)

SYMMETRY
IDENTITIES

The graph of sin(@) is symmetric about the origin,
therefore...

sin(—60) = — sin(@)

The graph of cos(8) is symmetric about the y-axis,
therefore...

cos(—0) = cos(0)

The graph of tan(8) is symmetric about the origin,
therefore...

tan(—0) = — tan(@)
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IDENTITIES

sin (a + B)

tan a + tanf

SIN and COS of SUMS (and DIFFERENCES)

cos (a + B) sin a - sinf

a+pf

sin(a + B) =sina - cosf + cosa-sinf

sin(a — B) = sin (a + (=B))

= sin a - cos (—f) + cos a - sin (—f)

cosa -sinf

sin(e —B) =sina-cosf —cosa-sinf

cos(a + ) =cosa-cosf —sina-sinf

sina - cosf8

cos(a — B) = cos (a + (—B))

=cosa-cos (—B) —sina - sin (—f)

cos(a — ) = cosa-cosf +sina-sinf

I_|

<———cosa-cosf

TAN of SUMS (and DIFFERENCES)

1 —tan (a) - tan (B) tan a -tanpf

tan a + tan 8
—tana-tanf

tan 8

tan(a+ﬁ)=1

tan(—p) = —tan B

tan(a — B) = tan(a + (—,3))
_ tana +tan(—p)
~ 1-—tana - tan(—pB)

tan

tan a —tan 8
l+tana-tanp

tan (a — p) =

< 1 >
< >
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IDENTITIES

DOUBLE ANGLE FORMULAE

sin(a + B) =sina-cosf + cos a -sin

sin(20) = sin(6 + ) =sinf - cos O + cos O -sin

sin(26) = 2 -sin 6 - cos 6

cos(a + ) =cosa-cosf —sina-sinf

cos(20) = cos(8 + 6) = cos O - cos 6 — sin 6 - sin 6

cos(26) = cos?0 — sin?0

cos(26) = (1 —sin?4) —sin?6 | =1-—2-sin%d
cos(26) = cos?6 — (1 —cos?0) | =2-cos?6 -1
. LB = tan a + tan 8
an(a +f) = 1—tana-tanp
tan(20) = tan(6 + 6 = tan 6 + tan 6
an(29) = tan( )_1—tan9-tan9
2-tan @ cos® 8\
tan(26) = 1— tan? 4 cos2 )
sin(26) 2-sinf-cosf
an(26) cos(28) cos26 — sin%6
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IDENTITIES

HALF ANGLE FORMULAE

cos(20) =1 —2-sin%6 cos(20) = 2-cos?6 — 1
2 -sin?0 = 1 — cos(26) 2-cos?0 =1 + cos(26)
1 — cos(260 1 + cos(26
sin?f = 1= cos(28) s20 —( )
1 — cos(260 1 + cos(260
sin9=i;% cosf =+ / ( )
)
J— 9
2

sm _, /1 - cos((Z)) cos P_, /1 + cos(@)
@ sin

) ’1 — cos(Q)
2 ty—=2
tan — = 0 =
2 cos 5+ /Hcfos(@

9 J1—cos(®) . J1+cos(@®  1—cos?(®) | _ sin(®)

2 J14cos(@) 1+ cos(®) 1+ cos(9) 1+ cos(9)

o \/1 — cos(Q) . \/1 —cos(®)  1-—cos(P) 1= cos(@)
2 J1+cos(®) /1— cos(0) - 1 — cos2(@) ~ sin(®)

1)} B 1 — cos(®)
tan 2 + ,1 + cos(D)
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LAW OF COSINES
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LAW of SINES DERIVATION

Equation 1 h=c-sinA
Equation 2 h=a-sinC

Equate the right sides of equations 1 and 2 and rearrange...

. a C
Equation 3 —_ =
sinA sinC
a b b c
Note;, ——=—— and —— =— are derived similarly.
sinA sinB sinB sinC

a b C

Law of Sines... or

sinA _sinB _sinC

sinA:sinB:sinC a b C
LAW of COSINES DERIVATION
Equation 4 h’=a’-y’=a’—(b— x)2
Equation 5 h* =c? —x?
Equate the right sides of equations 4 and 5 and rearrange...
a’ —(b—x)2 =c?—x°
Equation 6 a® =b*+c? —2bx
Equation 7 X=C-COSA
Substitute for x from equation 7 into equation 6...
Equation 8 a’ =b” +c¢*—2bc-cos A Note: equations for b® and c?
are derived similarly.
. e b®+c?-a’ 2 2 2
Law of Cosines... cosAzT or |a’>=b’+c®—2bc-cos A
a’ +c? —b?
alternate versions < cosB = T or |b?=a%+c?—2ac-cosB
2 2 2
cosC :% or lc?=a?+b%—-2ab-cosC
\ a
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Derivations TRIANGLE AREA Page 7 of 9
FORMULAS

>

x.
Area ABD = Area ABE = —

y-h
Area CBD = Area CBF = —

Therefore...

>y
=

Area of Triangle ABC...

Area =

Sk

h=a-sinC

Therefore...

Area of Triangle ABC... Areq — a-b-sinC

a-sin B

SinA

Therefore...

a’?-sinB -sinC

Area of Triangle ABC... Area =
2-sinA
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Derivations TRIANGLE AREA
HERON’'S FORMULA
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HERON'S FORMULA DERIVATION

Equation 1 Area = %

From triangle ABD... x% + h? = ¢?
Equation 2 x% =c? - h?
Equation 3 x =VcZ2—h?

From triangle CBD... (b —x)? + h? = a?

(b —x)? =a?—h?
Equation 4 b? — 2bx + x* = a® — h?
Substitute x and x? from Equations 3 and 2 into Equation 4 ...
b? —2bVcZ —h2 + (¢ — h?) = a® — h?
b% + c% —a? = 2bVc? — h?
Square both sides ... (b? + c? —a?)? = 4b%(c? — h?)

b2+c2—q?)’

( e ) — C2 _ hZ

2 (b2+c2—a2)2
4b2

h? =c¢

_ 4b2c?2—(b%+c2—a?)’

h2

4p2
B2 = (Zbc)z—(b2+c2—a2)2
- 4b2
B2 = [2bc+(b%+c2—a?)][2bc—(b?+c?-a?)]
- 4b?
B2 = [2bc+b2+c?—a?][2bc—b2—c?+a?]
- 4b?
B2 = [(b2+2bc+c?)-a?][a?~(b?—2bc+c?)]

4b2
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HERON’S FORMULA

(b+c)?-a?]{a?-(b—c)?]

2 _ |
h* = 4b2
B2 = [(b+c)+al[(b+c)-a]l - [a+(b=c)]-[a—(b-C)]
- 4b2
hz __ (btc+a)(b+c—a)(a+b—c)(a—b+c)
- 4b2
hz __ (a+b+c)(b+c—a)(a+c—-b)(a+b-c)
- 4b2
hz __ (a+b+c)(a+b+c—-2a)(a+b+c-2b)(a+b+c—-2c)
- 4b2
. _ 2 _ P(P—2a)(P—2b)(P-2c)
Since P=a+b+c ... h® = e
, _ JP(P—2a)(P—2b)(P-2¢)
Equation 5 h = -~

Substitute h from Equation 5 into Equation 1 ...

Area = %b JP(P-2a)(P-2b)(P-2c)

2b

Area = i\/P(P —2a)(P — 2b)(P — 2¢)

Area = \/1—16 P(P — 2a)(P — 2b)(P — 2¢)

rea= ) (2) ()
rea= G-a)G-0) G-

Thus...

Given the three sides of a triangle (a, b, and c) ...

The area of the triangle is: Area = \/s(s—a)(s = b)(s — ¢)

Where the semi perimeter is: s=P/2= (a+b+c)/2
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