
Copyright © 2001 
TERRAMETRA RESOURCES 

All Rights Reserved 
 

Derivations TRIGONOMETRIC 
IDENTITIES 

Page 1 of 9 

 
 

TRIGONOMETRIC 
FUNCTIONS 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

RECIPROCAL 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 

RATIO 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

cs
c

𝜃
 

𝜃 

𝜃 𝜃 

𝜃 

cos 𝜃 

si
n

𝜃
 

sec 𝜃 

1 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

csc(𝜃) =
1

sin(𝜃)
 

sec(𝜃) =
1

cos(𝜃)
 

cot(𝜃) =
1

tan(𝜃)
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

tan(𝜃) =
𝑂

𝐴
 

csc(𝜃) =
𝐻

𝑂
 

sec(𝜃) =
𝐻

𝐴
 

cot(𝜃) =
𝐴

𝑂
 

tan(𝜃) =
sec(𝜃)

csc(𝜃)
 cot(𝜃) =

csc(𝜃)

sec(𝜃)
 

cot(𝜃) =
cos(𝜃)

sin(𝜃)
 tan(𝜃) =

sin(𝜃)

cos(𝜃)
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PYTHAGOREAN 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SYMMETRY 
IDENTITIES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝜃) =
𝑂

𝐻
 

cos(𝜃) =
𝐴

𝐻
 

sin2(𝜃) + sin2(𝜃) = 1 

sin2(𝜃)

cos2(𝜃)
+

cos2(𝜃)

cos2(𝜃)
=

1

cos2(𝜃)
 

tan2(𝜃) + 1 = sec2(𝜃) 

sin2(𝜃)

sin2(𝜃)
+

cos2(𝜃)

sin2(𝜃)
=

1

sin2(𝜃)
 

1 + cot2(𝜃) = csc2(𝜃) 

The graph of  sin(𝜃)  is symmetric about the origin, 
therefore… 

sin(−𝜃) = − sin(𝜃) 

The graph of  cos(𝜃)  is symmetric about the y-axis, 
therefore… 

cos(−𝜃) = cos(𝜃) 

The graph of  tan(𝜃)  is symmetric about the origin, 
therefore… 

tan(−𝜃) = − tan(𝜃) 
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SIN and COS of SUMS (and DIFFERENCES) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TAN of SUMS (and DIFFERENCES) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tan (𝛼 + 𝛽) =
tan 𝛼 + tan 𝛽

1 − tan 𝛼 ∙ tan 𝛽
 

     tan(𝛼 − 𝛽) = tan(𝛼 + (−𝛽)) 
 

=
tan 𝛼 + tan(−𝛽)

1 − tan 𝛼 ∙ tan(−𝛽)
 

sin(𝛼 + 𝛽) = sin 𝛼 ∙ cos 𝛽 + cos 𝛼 ∙ sin 𝛽 

tan(−𝛽) = −tan 𝛽 

tan (𝛼 − 𝛽) =
tan 𝛼 − tan 𝛽

1 + tan 𝛼 ∙ tan 𝛽
 

sin(𝛼 − 𝛽) = sin 𝛼 ∙ cos 𝛽 − cos 𝛼 ∙ sin 𝛽 

sin(𝛼 − 𝛽) = sin (𝛼 + (−𝛽)) 

                     = sin 𝛼 ∙ cos (−𝛽) + cos 𝛼 ∙ sin (−𝛽) 

cos(𝛼 + 𝛽) = cos 𝛼 ∙ cos 𝛽 − sin 𝛼 ∙ sin 𝛽 

cos(𝛼 − 𝛽) = cos 𝛼 ∙ cos 𝛽 + sin 𝛼 ∙ sin 𝛽 

cos(𝛼 − 𝛽) = cos (𝛼 + (−𝛽)) 

                      = cos 𝛼 ∙ cos (−𝛽) − sin 𝛼 ∙ sin (−𝛽) 

𝛼 + 𝛽 

1 − tan (𝛼) ∙ tan (𝛽) tan 𝛼 ∙ tan 𝛽 

ta
n

 𝛼
+

ta
n

β
 

𝛼 

𝛼 

1 

𝛽 

ta
n

𝛼
 

ta
n

𝛽
 

si
n

 (
𝛼

+
𝛽

)  

1 

cos (𝛼 + 𝛽) sin 𝛼 ∙ sin 𝛽 

𝛼 

cos 𝛼 ∙ cos 𝛽 

𝛽 

𝛼 

si
n

𝛼
∙c

o
s

𝛽
 

co
s

𝛼
∙s

in
𝛽

 

𝛼 + 𝛽 
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DOUBLE ANGLE FORMULAE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sin(𝛼 + 𝛽) = sin 𝛼 ∙ cos 𝛽 + cos 𝛼 ∙ sin 𝛽 

sin(2𝜃) = sin(𝜃 + 𝜃) = sin 𝜃 ∙ cos 𝜃 + cos 𝜃 ∙ sin 𝜃 

sin(2𝜃) = 2 ∙ sin 𝜃 ∙ cos 𝜃 

cos(𝛼 + 𝛽) = cos 𝛼 ∙ cos 𝛽 − sin 𝛼 ∙ sin 𝛽 

cos(2𝜃) = cos(𝜃 + 𝜃) = cos 𝜃 ∙ cos 𝜃 − sin 𝜃 ∙ sin 𝜃 

cos(2𝜃) = (1 − sin2𝜃) − sin2𝜃 

cos(2𝜃) = cos2𝜃 − (1 − cos2𝜃) 

= 1 − 2 ∙ sin2𝜃 

tan(𝛼 + 𝛽) =
tan 𝛼 + tan 𝛽

1 − tan 𝛼 ∙ tan 𝛽
 

tan(2𝜃) = tan(𝜃 + 𝜃) =
tan 𝜃 + tan 𝜃

1 − tan 𝜃 ∙ tan 𝜃
 

tan(2𝜃) =
sin(2𝜃)

        cos(2𝜃)        
 

cos(2𝜃) = cos2𝜃 − sin2𝜃 

= 2 ∙ cos2𝜃 − 1 

tan(2𝜃) =
2 ∙ tan 𝜃

     1 −  tan2 𝜃     
 

=
2 ∙ sin 𝜃 ∙ cos 𝜃

cos2𝜃 − sin2𝜃
 

∙ (
cos2 𝜃

cos2 𝜃
) = 
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HALF ANGLE FORMULAE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cos(2𝜃) = 1 − 2 ∙ sin2𝜃 

2 ∙ sin2𝜃 = 1 − cos(2𝜃) 

sin2𝜃 =
1 − cos(2𝜃)

2
 

sin 𝜃 = ±√
1 − cos(2𝜃)

2
 

sin 
∅

2
= ±√

1 − cos(∅)

2
 

∅

2
= 𝜃 

cos(2𝜃) = 2 ∙ cos2𝜃 − 1 

2 ∙ cos2𝜃 = 1 + cos(2𝜃) 

cos2𝜃 =
1 + cos(2𝜃)

2
 

cos 𝜃 = ±√
1 + cos(2𝜃)

2
 

cos 
∅

2
= ±√

1 + cos(∅)

2
 

tan 
∅

2
=

sin  
∅
2

cos  
∅
2

=
± √

1 − cos(∅)
2

± √
1 + cos(∅)

2

 

tan 
∅

2
= ±√

1 − cos(∅)

1 + cos(∅)
 

tan 
∅

2
 =  

√1 − cos(∅)

√1 + cos(∅)
∙

√1 + cos (∅)

√1 + cos (∅)
 =  

√1 − cos2(∅)

1 + cos(∅)
 

tan 
∅

2
 =  

√1 − cos(∅)

√1 + cos(∅)
∙

√1 − cos (∅)

√1 − cos (∅)
 =  

1 − cos(∅)

√1 − cos2(∅)
 

=
sin(∅)

1 + cos(∅)
 

=
1 − cos(∅)

sin(∅)
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LAW of SINES DERIVATION 
 
     Equation 1 sinh c A=   

 
     Equation 2 sinh a C=   

 
Equate the right sides of equations 1 and 2 and rearrange… 
 

     Equation 3 
sin sin

a c

A C
=  

 

        Note:  
sin sin

a b

A B
=   and  

sin sin

b c

B C
=   are derived similarly. 

 

Law of Sines…       
sin sin sin

a b c

A B C
= =      or 

sin sin sinA B C

a b c
= =  

 
LAW of COSINES DERIVATION 
 

     Equation 4 ( )
22 2 2 2h a y a b x= − = − −  

 

     Equation 5 2 2 2h c x= −  

 
Equate the right sides of equations 4 and 5 and rearrange… 

   ( )
22 2 2a b x c x− − = −  

     Equation 6 2 2 2 2a b c bx= + −  

 
     Equation 7 cosx c A=   

 
Substitute for  x   from equation 7 into equation 6… 
 

     Equation 8 2 2 2 2 cosa b c bc A= + −    Note:  equations for  
2b   and  

2c  

         are derived similarly. 

Law of Cosines…       

2 2 2

cos
2

b c a
A

bc

+ −
=      or     

2 2 2 2 cosa b c bc A= + −   
 

      alternate versions      

2 2 2

cos
2

a c b
B

ac

+ −
=      or     

2 2 2 2 cosb a c ac B= + −   
 

         

2 2 2

cos
2

a b c
C

ab

+ −
=      or     

2 2 2 2 cosc a b ab C= + −   
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 Area ABD  =  Area ABE  =  
𝑥⋅ℎ

2
 

 
 

 Area CBD  = Area CBF  =  
𝑦⋅ℎ

2
 

 
 
 
 
 
 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 

 ℎ = 𝑎 ⋅ 𝑠𝑖𝑛 𝐶 

 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 

 𝑏 =
𝑎⋅𝑠𝑖𝑛 𝐵

𝑠𝑖𝑛 𝐴
 

 
Therefore… 
 
 Area of Triangle ABC…   
 
 
 
 
 
 
 
 
 
 

𝐴𝑟𝑒𝑎 =
𝑎2 ⋅ 𝑠𝑖𝑛 𝐵 ⋅ 𝑠𝑖𝑛 𝐶

2 ⋅ 𝑠𝑖𝑛 𝐴
 

 

𝐴𝑟𝑒𝑎 =
𝑎 ⋅ 𝑏 ⋅ 𝑠𝑖𝑛 𝐶

2
 

𝐴𝑟𝑒𝑎 =
𝑏 ⋅ ℎ

2
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HERON’S FORMULA DERIVATION 
 

     Equation 1   𝐴𝑟𝑒𝑎 =  
𝑏∙ℎ

2
 

 
From triangle ABD…  𝑥2 + ℎ2 = 𝑐2 
 
     Equation 2   𝑥2 = 𝑐2 − ℎ2 
 

     Equation 3    𝑥 = √𝑐2 − ℎ2 

 
From triangle CBD…  (𝑏 − 𝑥)2 + ℎ2 = 𝑎2 
 
     (𝑏 − 𝑥)2 = 𝑎2 − ℎ2 
 
     Equation 4   𝑏2 − 2𝑏𝑥 + 𝑥2 = 𝑎2 − ℎ2 
 
Substitute 𝑥 and 𝑥2 from Equations 3 and 2 into Equation 4 … 
 

     𝑏2 − 2𝑏√𝑐2 − ℎ2 + (𝑐2 − ℎ2) = 𝑎2 − ℎ2 
 

     𝑏2 + 𝑐2 − 𝑎2 = 2𝑏√𝑐2 − ℎ2 
 
Square both sides …  (𝑏2 + 𝑐2 − 𝑎2)2 = 4𝑏2(𝑐2 − ℎ2) 
 

     
(𝑏2+𝑐2−𝑎2)

2

4𝑏2 = 𝑐2 − ℎ2 

 

     ℎ2 = 𝑐2 −
(𝑏2+𝑐2−𝑎2)

2

4𝑏2  

 

     ℎ2 =
4𝑏2𝑐2−(𝑏2+𝑐2−𝑎2)

2

4𝑏2  

 

     ℎ2 =
(2𝑏𝑐)2−(𝑏2+𝑐2−𝑎2)

2

4𝑏2
 

 

     ℎ2 =
[2𝑏𝑐+(𝑏2+𝑐2−𝑎2)]∙[2𝑏𝑐−(𝑏2+𝑐2−𝑎2)]

4𝑏2  

 

     ℎ2 =
[2𝑏𝑐+𝑏2+𝑐2−𝑎2]∙[2𝑏𝑐−𝑏2−𝑐2+𝑎2]

4𝑏2  

 

     ℎ2 =
[(𝑏2+2𝑏𝑐+𝑐2)−𝑎2]∙[𝑎2−(𝑏2−2𝑏𝑐+𝑐2)]

4𝑏2  
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     ℎ2 =
[(𝑏+𝑐)2−𝑎2]∙[𝑎2−(𝑏−𝑐)2]

4𝑏2  

 

     ℎ2 =
[(𝑏+𝑐)+𝑎]∙[(𝑏+𝑐)−𝑎] ∙ [𝑎+(𝑏−𝑐)]∙[𝑎−(𝑏−𝑐)]

4𝑏2  

 

     ℎ2 =
(𝑏+𝑐+𝑎)(𝑏+𝑐−𝑎)(𝑎+𝑏−𝑐)(𝑎−𝑏+𝑐)

4𝑏2
 

 

     ℎ2 =
(𝑎+𝑏+𝑐)(𝑏+𝑐−𝑎)(𝑎+𝑐−𝑏)(𝑎+𝑏−𝑐)

4𝑏2  

 

     ℎ2 =
(𝑎+𝑏+𝑐)(𝑎+𝑏+𝑐−2𝑎)(𝑎+𝑏+𝑐−2𝑏)(𝑎+𝑏+𝑐−2𝑐)

4𝑏2  

 

Since 𝑃 = 𝑎 + 𝑏 + 𝑐  …  ℎ2 =
𝑃(𝑃−2𝑎)(𝑃−2𝑏)(𝑃−2𝑐)

4𝑏2  

 

     Equation 5    ℎ =  
√𝑃(𝑃−2𝑎)(𝑃−2𝑏)(𝑃−2𝑐)

2𝑏
 

 
Substitute ℎ from Equation 5 into Equation 1 … 
 

     𝐴𝑟𝑒𝑎 =  
1

2
𝑏

√𝑃(𝑃−2𝑎)(𝑃−2𝑏)(𝑃−2𝑐)

2𝑏
 

 

     𝐴𝑟𝑒𝑎 =  
1

4
√𝑃(𝑃 − 2𝑎)(𝑃 − 2𝑏)(𝑃 − 2𝑐) 

 

     𝐴𝑟𝑒𝑎 =  √
1

16
𝑃(𝑃 − 2𝑎)(𝑃 − 2𝑏)(𝑃 − 2𝑐) 

 

     𝐴𝑟𝑒𝑎 =  √(
𝑃

2
) (

𝑃−2𝑎

2
) (

𝑃−2𝑏

2
) (

𝑃−2𝑐

2
) 

 

     𝐴𝑟𝑒𝑎 =  √
𝑃

2
(

𝑃

2
− 𝑎) (

𝑃

2
− 𝑏) (

𝑃

2
− 𝑐) 

 
Thus... 
 
Given the three sides of a triangle (a, b, and c) … 
 
 
The area of the triangle is:   
 
 
Where the semi perimeter is: 
 
 

𝐴𝑟𝑒𝑎 =  √𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐) 

𝑠 = 𝑃/2 =  (𝑎 + 𝑏 + 𝑐)/2 


